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Nomenclature

d = molecular diameter, 4:17 � 10�10 for N2 and
3:0 � 10�10 for N at Tref , m

k = Boltzmann constant, 1:38 � 10�23, J=K
kf = dissociation reaction rate, m3=�molecule � s�
kr = recombination reaction rate, m6=�molecule2 � s�
M = Mach number
m = molecular mass, 46:5 � 10�27 for N2, kg
n = number density, molecule=m3

R = specific gas constant, 297 for N2, J=kg � K
T = temperature, K
U1 = free-stream velocity, m=s
u = velocity of the flow, m=s
x = distance downstream the shock wave, m
� = degree of dissociation
�d = characteristic dissociation temperature, 113,500 for

N2, K
�v = characteristic vibration temperature, 3371 for N2, K
� = molecular mean free path, �T=Tref�!=�

���
2
p
�d2refn�,

m
� = nondimensional kinetic energy, U2

1=�2R�d�
� = density, kg=m3

�d = characteristic density, kg=m3

� = collision cross section, m2

_� = chemical reaction source term, molecule=m3 � s
! = viscosity-temperature index, 0.75 for N2 and N
�v = vibrational degree of freedom,

2��v=T�=�exp��v=T� � 1�

Subscripts and

superscript

e = equilibrium value
ref = reference value at Tref � 273:15 K

	 = nondimensional quantity
1 = free-stream condition in front of the shock wave

I. Introduction

T HEnonequilibriumflowbehind a strong normal shockwave is a
typical and classical topic for dicussion. However, so far it is

still unrealizable to directly and explicitly predict the postshock
nonequilibrium features based on the free-stream parameters in front
of the shock wave. An in-depth exploration is very necessary,
considering the important role of this problem in both the theoretical
research field and the engineering practice.

A very useful theoretical tool to study this problem is the ideal
dissociating gas (IDG)model, whichwas established by Lighthill [1]
and Freeman [2] about half a century ago. By introducing the concept
of the degree of dissociation in a dissociation-recombination
reaction, they built the conservation equations and the state equation
for a nonequilibrium dissociating gas, which greatly simplified the
analysis and calculation on the nonequilibrium flow field behind a
shock wave. They also approximately analyzed the equilibrium
degree of dissociation and nonequilibrium characteristic scale by
using the semi-analytical and seminumerical method.

Subsequently, based on this theoretical model, many other
scholars [3–6] have carried on further or more in-depth analyses on
the related flow problems. Besides, the numerical methods, such as
the computational fluid dynamics (CFD) [7–9] and the direct
simulation Monte Carlo (DSMC) method [10–12], have also been
widely used. However, whereas the numerical methods are exces-
sively relied upon, there is still no clear and sophisticated theoretical
conclusion on the relationship between the pre- and postshock
parameters.

In this paper, the IDG model will be followed to theoretically
explore the explicit analytical relationship between the postshock
nonequilibrium characteristics and the preshock free-stream
condition of the flow. Taking the nitrogen gas as a typical example,
a dissociation-recombination reaction rate equation based on the
molecular kinetic theory is built. After some appropriate physical
analysis and mathematical simplifications, the explicit expression of
the equilibrium degree of dissociation and the nonequilibrium
characteristic scale are obtained. Then a detailed parameter analysis
is carried out and an intuitive formula that can approximately give a
normalized description of the nonequilibrium flow field behind a
shock wave is found. Finally, results of the present study are verified
with DSMC results and other experimental and numerical data.

The present study has both theoretical significance and practical
value. On one side, it may be the more detailed and substantial result
so far to improve understanding of the nonequilibrium flow behind a
strong shock wave, and it is helpful to enrich the theoretical frame-
work of this classical problem. On the other side, the conclusions in
this paper provide specific guidance for a fast estimation of the
nonequilibrium flow field in a hypersonic wind tunnel and for the
analysis of experimental or CFD results.

II. Problem Description and Modeling

Figure 1 shows the main features of a chemical nonequilibrium
flow behind a strong normal shockwave. Physically speaking, all the
flow field details behind the shock wave are completely determined
by the preshock free-stream conditions. For a perfect gas or the
frozen case, the temperature, pressure, and density behind the shock
wave can be directly determined from the Rankine-Hugoniot theory.
However, in many real problems, the gas is not ideal or perfect and
real gas effects play an important role. For diatomic gases, such as
nitrogen, oxygen, and equivalent air, high temperature will cause the
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molecules to vibrate, dissociate, or even ionize. In turn, these effects
absorb energy and decrease the temperature. The physical quantities
undergo a nonequilibrium process, rapidly varying near the shock
wave and slowly approaching the equilibrium limits at infinity,where
the molecular recombination and dissociation counteract with each
other. The final equilibrium state and the specific transient process
completely depend on the free-stream condition in front of the shock
wave. The main purpose of this paper is to find the mathematical
relationship between them and to analyze how it works.

Before further discussion, two appropriate statements need to be
made. First, as a typical flow model, only the flow behind the shock
wave is concerned, whereas what happens in the narrow zone of
shock wave will not be discussed. It is also assumed that the free-
stream temperature is relatively so low that no molecules dissociate
in front of the shock wave. Second, the influence of the thermal
nonequilibrium, including the molecular vibrational nonequili-
brium, is not so important in comparison with that of the chemical
nonequilibrium. Therefore, an ensemble approximation to the
vibrational degree of freedom is introduced here, whereas a constant
value equaling 1.0 was employed by Freeman [2].

The dissociation-recombination reaction of the nitrogen gas is
considered as

N 2 
 �$ 2N
 � (1)

in which � represents a intermediate molecule, being N2 or N. The
degree of dissociation equals themass fraction of the dissociated gas.
Therefore,

�� �N=��N2

 �N� � �N=� (2)

Its equilibrium value �e is obtained when the flow reaches the
equilibrium state. The nonequilibrium characteristic scale is defined
as the distance required to reach 95% of the equilibrium degree of
dissociation, i.e., �� 0:95�e at x� xe.

As a one-dimensional flow model, all the mass, momentum, and
energy of the flow are conservative downstream the shock wave. The
nondimensional conservation equations of the gas are expressed as

�	u	 � 1 (3a)

�1
 ���	T	=�2�� 
 �	�u	�2 � 1 (3b)

�4
 ��T	 
 T	��v � 1��1 � ��=2
 �
 ��u	�2 � � (3c)

where the nondimensional quantities are defined as �	 � �=�1,
u	 � u=U1, and T	 � T=�d.

To facilitate further discussion, some appropriate approximations
to the conservation equations are needed, i.e., to find how the
quantities T	, �	, and u	 depend on �. Equation (3a) together with
Eq. (3b) gives

u	 � 1

�	
� 1 �

���������������������������������������
1 � 2�1
 ��T	=�

p
2

(4)

Then, Eq. (4) substituted into Eq. (3c) yields a complicated and
implicit function about T	, �, and�. After analysis and comparison,

it is found that this implicit function could be approximately
simplified to an explicit one, i.e.,

T	 � � � �
4:45
 0:55�

(5)

which is a little different from that of Lighthill and Freeman’s
approximation but agreesmorewith the original Eq. (3c), as shown in
Fig. 2. It is equivalent to first ignoring the kinetic energy behind the
shock wave because u	2 � 1, and then regarding the undissociated
molecules to be nearly fully excited in the vibrational degree of
freedom. Equation (5) quantitatively indicates the reasonable
redistribution of the total energy between the thermal mode and the
chemical mode.

The next step is to build the rate equation of the chemical reaction.
Consider the variation of the number density of N2,

@nN2

@t

r 
 �nN2

v� � _�N2
(6)

In a one-dimensional steadyflow, and considering thatnN2
� �N2

=
mN2
� ��1 � ��=mN2

, Eq. (6) is simplified to

d�

dx
��

mN2

�1U1
_�N2

(7)

Theoretically speaking, the flow is completely described by

Eq. (3) and (7). To solve this problem, _�N2
in Eq. (7) should first be

expressed as a function of T	, �	, and �, and then Eqs. (4) and (5) are

substituted into _�N2
. It finally leads to an ordinary difference

equation of �, which can be approximately integrated.

III. Dissociation-Recombination Reaction Rates

In this paper, the chemical reaction rates from the kinetic theory,
instead of the engineering formulas, are employed to analyze the
reactions. In Bird’s monograph [12], it has been shown that the
dissociation rate resulting from the collisions between species p and
q takes the form of

kf �
2����
�
p �ref

�
T

Tref

�
1�!�2kTref

mr

�1
2

�
�
1
 1

�3=2 � !
 ���T	

�
exp

�
� 1

T	

�
(8)

where the reduced mass mr �mpmq=�mp 
mq�, �ref � ��dp

dq�2ref=4, and �� denotes the mean value of the internal degrees of
freedom in the collision. A molecule has two rotational degrees of
freedom (DOF) and �v vibrational DOF, while an atom has no
rotational or vibrational DOF. As a result, if p and q are both

molecules, ��� 2
 �v; if one is a molecule and the other is an atom,
��� �2
 �v�=2.
Theoretically, since the intermediate body can be either N2 or N,

there should be two different dissociation rates, i.e., �kf�N2
N2
, owing

1M >>∞

T

α

Te

eα

Fig. 1 Schematic of the chemical nonequilibrium flow behind a normal

shock wave.
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Fig. 2 Approximate relations between T
� and � (nitrogen gas).
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to collisions between molecules themselves, and �kf�N2
N owing to
collisions between atoms and molecules. It is found in the com-
parison that �kf�N2
N=�kf�N2
N2

� 1:5. To facilitate the subsequent
analysis, these two rates could be combined into a single one, which
means

kfnN2
n� �kf�N2
N2

n2N2

 �kf�N2
NnN2

nN (9)

where nN � 2�n=�1
 ��, nN2
� �1 � ��n=�1
 ��, and the total

number density n� �1
 ���=mN2
. As a result, kf � �kf�N2
N2

�1

2��=�1
 ��. In Freeman’s work [2], the effects of the degree of
dissociation did not appear in the dissociation rate, i.e., the correction
factor �1
 2��=�1
 �� was roughly treated as a constant.

Now, the chemical reaction source term in Eq. (7) takes the form of

_� N2
���kfnN2

n � krn2Nn� (10)

where the recombination rate kr is derived from the equilibrium
reaction theory but also holds for general nonequilibrium conditions.
It means kf=kr � Keq � exp��1=T	�Q2

N=�VQN2
�, in which Keq is

the equilibrium constant and Q is the partition function [12] of a
molecule or atom. Here, it will be convenient to introduce a
characteristic density, �d �mN2

Q2
N=�4VQN2

�. Strictly speaking, �d
is a slowly varying function of the temperature. However, it was
found [1] that the main features of the reaction are insensitive to the
slight variation of �d. As a result, a constant mean value could be
employed within a specific temperature range. For the dissociation
reaction of N2, �d � 1:3 � 105 kg=m3 when T � 3000� 10000 K.

Figure 3 demonstrates a comparison between the reaction rates
based on present model and the fitted data [13] used in engineering,
which are consistent with each other in a large temperature range.

Now, Eq. (10) is substituted into Eq. (7), and, after some
simplifications, it yields

d�

dx
� A � C��� �

�
exp

�
� 1

T	

�
� �1�

	

�d

�2

�1 � ��

�
(11)

where A� 2�T1=�d�1=4=�
����
�
p

�1� and

C��� � �1
 �11=4
 �v�T
	��1
 2���1 � ��

�11=4
 �v��T	�3=4u	2
����
�
p (12)

Equation (11) is a complicatedfirst-order differential equation of�
and x, with two main variable parameters � and �1=�d. Similar to
what Freeman [2] has done, Eq. (11) could be numerically integrated
for specific� and�1=�d. However, the numericalmethod only gives
some discrete data points, and theoretical analysis is still very
necessary for a more in-depth understanding of the flowmechanism.

IV. Equilibrium Degree of Dissociation

As mentioned above, at the place far enough downstream of the
shock wave, the dissociation reaction will be counteracted by the
recombination reaction, and both the chemical reaction and the flow

approach the equilibrium state. In Eq. (11), let d�=dx� 0, and it
gives

exp

�
� 1

T	e

�
� �1
�du

	
e

�2e
�1 � �e�

(13)

where T	e � T	��e� and u	e � u	��e�. The left-hand side of Eq. (13)
is an exponential-type function, whose significant variation could
only result from the change of the order of magnitude of the right-
hand side. Therefore, the slowly varying part of the right side of
Eq. (13) could be approximately considered as a constant. As a result,
it is reasonable and practical to employ an ensemble average of �du

	
e

by introducing the characteristic free-stream density �d1 � �du	e�
1:0 � 104 kg=m3. This treatment yields the following version:

exp

�
� 4:45
 0:55�e

� � �e

�
� �1
�d1

�2e
1 � �e

(14)

Furthermore, when the equilibrium degree of dissociation is very
low, for example �e < 0:1, the effects of the chemical reaction are
also relatively unimportant; when the equilibrium degree of
dissociation is very high, for example �e > 0:9, the present model
has become somewhat unrealistic, and additional effects such as
ionization and radiation should also be considered. In most of the
practical problems with which we are concerned, there usually
involves a moderate degree of dissociation. i.e., 0:1< �e < 0:9.
Thus, when �d1=�1 ranges from 104 to 109, a first-order Taylor
expansion of Eq. (14) near �e � 0:5 approximately yields an explicit
expression:

�e �
�
 0:011D � 0:39

0:0015D2 � 0:063D
 1:8
(15)

whereD� ln ��d1=�1�. Of course, the form of thefinal result might
not be unique if different levels of approximation are employed. A
more complicated result could apply to a wider range, but Eq. (15) is
good enough to deal with most of the situations in practice. It will be
shown later that Eq. (15) effectively describes the roughly linear
relation of �e and �, with the slope slightly increasing with the
decreasing of the density.

V. Nonequilibrium Characteristic Scale

In the above section, the far-field equilibrium state has been clearly
discussed. The next step is to find out how far the flow needs to go to
approach the equilibrium state, i.e., to find the nonequilibrium
characteristic scale xe. Now, Eq. (11) is rewritten in a non-
dimensional integrated form

x	e �
xe
�1
�
Z

0:95�e

0

f��� exp�h���� d� (16)

where �e is calculated with Eq. (15) or Eq. (14), h��� � 1=T	���,
f��� � g���=�C���A�1�, and

g��� �
�
1 � �1�

	

�d

�2

�1 � �� exp
�
1

T	

���1
(17)

When �� 0:95�e, it is found that g��� � 1:4 for a large range of
� and D.

The integrand of Eq. (16) grows exponentially within the integral
interval, and so the integral near the extreme point of h���, i.e.,
�� 0:95�e, contributes the majority of x	e . It means

x	e �
f���
h0��� exp�h����

����
��0:95�e

(18)

If the remainder terms are also taken into account, a correlation
factor equaling 1.25 should be added, which finally yields

x	e � 1:6

�
�d
T1

�
1=4 T	2e exp�1=T	e �
C�0:95�e�j@T	=@�j��0:95�e

(19)
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Fig. 3 Comparisonbetween thepresent chemical reaction rates and the

experimental data.
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Equation (19) gives an explicit expression of the characteristic
scale of the nonequilibrium flow behind the shock wave. Although it
is ultimately determined by the free-stream conditions (T1,U1, and
�1), its form is still too complicated to show a clear dependency, and,
due to the mathematical properties of Eq. (16), it even demands that
�e should be first calculated with a relatively high accuracy.
Therefore, further simplification is necessary to get a clear and direct
relation between x	e and the free-stream condition. Actually, based on
analysis and comparison of Eq. (19) with numerical results in the
logarithmic coordinates, a first-order approximate formula is found
to be expressed as

xe � �1x	e �
�1
3800

�
�d
T1

�
1=4
�
�d1
�1

�
1=2

exp

�
5

�3=5

�
(20)

�1 could be approximately calculated with ��=2�1=2	1=a1,
where 	1 and a1 are the dynamic viscosity and the sound speed of
the free stream, respectively.

VI. Nonequilibrium Transient Process

Now, we have known the final equilibrium state and how far it
needs to reach this state, but we still do not know the transient process
whereby the flow transits from the initial state to the final state.
Additionally, we also would like to know whether there exists a
general similarity for all the flows under different free-stream
conditions.

A strict solution to this problem relies on the indefinite integral of
Eq. (11), which is almost impossible in practice. Alternatively, in this
paper, a large series of results from the numerical integral andDSMC
method are normalized and comparedwith each other, which leads to
a simple expression to approximately describe the variation of the
degree of dissociation from zero to its equilibrium value, i.e.,

�

�e
� �x=xe�s
�x=xe�s 
 c

(21)

Here, the constant c� 0:0526 considering that �� 0:95�e at
x� xe. And, strictly speaking, the index s should slightly decrease
with increasing � or decreasing �1=�d1. When �� 0:4� 1:2 and
�d1=�1 � 104 � 109, it is found that s� 0:7� 1:3. As a result,
s� 1 is roughly employed here if not specified, and more precise
relations could be found in further studies if necessary.

Given �� ��x�, the nonequilibrium variation processes of
otherflowfield quantities are then obtained immediately fromEq. (4)
and (5).

VII. Results Validation and Discussions

To validate the theoretical analysis in this paper, the DSMC
method is also used to simulate a series of cases in which �1 �
0:1� 0:001 kg=m3 and M1 � 15� 25 with T1 � 300 K (corre-
sponding to �d1=�1 � 105 � 107 and �� 0:416� 1:15). The
present DSMC procedure employs the quantized vibrational levels
and the vibration-dissociation couplingmodel [11,14,15] to simulate
real gas effects. However, the ionization, radiation, and electronic
excitation effects are not considered.

Figure 4 shows the variation of the equilibrium degree of
dissociation under different conditions. Within the roughly linear
interval 0:1< �e < 0:9, both the explicit formulation Eq. (15) and
the implicit Eq. (14) match well with the exact numerical solution of
the original conservation equations and strict rate equation without
any mathematical approximation, which indicates that the present
simplified model is a reasonable approximation to the original
physical problem. The present DSMC results also comparewell with
the analytical predictions, with the maximum relative error less than
8%. After some numerical treatments, Freeman’s approximation has
also been shown in Fig. 4b. Both the present and Freeman’s approx-
imations overrate �e at the relatively higher values of �. In this
region, as mentioned peviously, more realistic models should be
established.

The roughly linear relation between �e and �, as shown in Fig. 4,
indicates the physical mechanism whereby, in the flows with
moderate degrees of dissociation, nearly a constant proportion of the
kinetic energy is transformed into the chemical energy via the
dissociation reaction. It is also shown that a lower density results in a

µ

α e
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Fig. 4 The equilibrium degree of dissociation (nitrogen gas). a) Comparison between the present approximations and the exact numerical solutions.

(b) Comparisons among the present approximation, Freeman’s approximation, and the present DSMC results.
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Fig. 5 The features of the equilibrium flow field (nitrogen gas).
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little higher equilibrium degree of dissociation. This feature could be
explained from the microscopic mechanism whereby the recom-
bination reaction involves triple collisions of molecules, and its
probability is proportional to the cube of the density, whereas the
dissociation probability is proportional to the square of the density.

Figure 5 shows features of the equilibrium flow field. The flow
field predicted by the present analytical method agrees much well
with Cai et al.’s result in [8], where the iterative method was used to
solved the equilibrium flow and reaction equations. Their result is
similar to the present exact numerical solution. Because of the
significant real gas effects at high Mach numbers, the postshock
temperature is drastically reduced and the postshock density rises
higher relative to the ideal gas case.

Figure 6 shows the variation of the nonequilibrium characteristic
scales under different conditions. Similarly, both the simple
formulation Eq. (20) and the complicated Eq. (19) match well with
the exact numerical solution within a large range of densities and
kinetic energy. Now, �e in Eq. (19) has been calculated based on
Eq. (15). As a result, Eq. (19) will lose its reliability at relatively
lower values of�. In contrast, Eq. (20) is found to be still valid even at
�� 0:25, where �e has been less than 0.1. The present DSMC
results are also consistent with the analytical predictions within a
certain accuracy, considering the drastically exponential variation
of xe.

Atfirst glance, it is found that x	e is almost inversely proportional to

�1=21 ; in other words, xe / ��3=21 . For the case �1 � 0:1 kg=m3,
x	e � 101 � 103. Considering the relation between the mean free
paths before and behind the shockwave, it could be estimated that, on

averagel, a nitrogen molecule approximately needs 102 � 104

collisions to produce the dissociation equilibrium. The higher the
kinetic energy is, the less collisions it needs. When the density
decreases, more collisions are needed, which may be due to the fact
that the energy exchange efficiency in each single collision is lower in
amore rarefied case, where the thermal nonequilibrium also becomes
more and more significant.

Since the dissociation chemical reaction is very endothermic, it is
foreseen that nonequilibrium characteristic scale must be intensively
affected by the energy in the flow. Figure 6 shows that xe varies very
rapidly with �, which could hardly be predicted in the past.

The variation process of the degree of dissociation is shown in a
normalized form in Fig. 7. The concise Eq. (21) catches the twomain
features, i.e., first a rapid increase and then a very slow approach.
Although a higher � or a lower �1=�d1 could result in a slightly
steeper gradient near the shock wave, Eq. (21) is found good enough
to describe most of the practical cases.

At last, the comprehensive comparisons for specific cases are
demonstrated. In Fig. 8, good agreements are observed between the
flow field predicted by the analytical method and the corresponding
one from the present DSMC method. Moreover, experimental data
[16] and someother numerical results [8] are also included in Fig. 9 to
verify the present methods. Generally speaking, the main features of
the nonequilibrium flow are well predicted, considering the uncer-
tainties in the experiment and calculations. The slight discrepancies
near the shock wave in Figs. 8 and 9 are due to the fact that the
nonequilibrium of the molecular vibration is also entirely simulated
in the numerical methods, whereas in the present analytical method
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Fig. 6 The nonequilibrium characteristic scale (nitrogen gas). a) Comparison between the present approximations and the exact numerical solutions.

b) Comparisons between the present approximation and the present DSMC results.
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Fig. 7 The transient process of the degree of dissociation from zero to

its equilibrium value (nitrogen gas).
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Fig. 8 The nonequilibrium flow behind the shock waves (nitrogen gas).
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the adoption of an ensemble approximate equilibrium to the
molecular vibration leads to a relatively higher �	 but lower T	 and
u	 at the original point.

In brief, the theoretical analysis and its conclusions are well
verified by the present DSMC results, others’ numerical results, and
experimental data. The explicit formulations in this paper could
apply to most of the practical flow problems, which involve a
moderate degree of dissociation.

VIII. Conclusions and Remarks

In this paper, the chemical nonequilibrium flow behind a strong
normal shock wave was studied by using a theoretical modeling
method. A dissociation-recombination reaction-rate equation based
on the kinetic theory of molecules was built. After some appropriate
simplifications and approximations, the explicit expressions of the
equilibrium degree of dissociation and the nonequilibrium char-
acteristic scale were given, i.e. Eq. (15) and (20), followed by a
concise and normalized formula, Eq. (21), to describe the non-
equilibrium transient process. These explicit formulations are valid
in a large practical range of preshock state parameters. For the
nitrogen gas flows, the free-stream velocity should range from
approximately 4500 to 9000 m=s, and the density should range from
100 to 10�5 kg=m3. The corresponding physical mechanisms were
also discussed. Finally, the theoretical analyses and their conclusions
were verified by the present and others’ numerical results and
available experimental data.

The present study yielded some significant analytical results about
the nonequilibrium flow behind a strong normal shock wave, which
could be helpful to enrich the theoretical framework of this classical
problem. Moreover, the results in this paper could also be directly
used in practice to quickly estimate and analyze the nonequilibrium
flow field in CFD simulations, hypersonic wind tunnels, or flight
experiments.
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